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Abstract 

We show that the nucleon spectrum in a hard-wall AdS/QCD model can be improved 
by use of a relatively large IR cutoff. All of the spin-1/2 nucleon masses listed in PDG 
can be fit quite well within 11%. The average error is remarkably only 4.66%. 



1 Introduction 



The establishment of Quantum Chromodynamics (QCD) is a milestone of theoretical 
physics. Because of the property of asymptotic freedom, QCD is convenient to use in the 
process with large momentum transfer. In the low energy region, however, QCD becomes 
strongly coupled, and the perturbative calculation is not reliable. Here the effective 
degrees of freedom are mesons and baryons. People have developed various effective 
models to describe their properties. 

Recently a new methodology, called "AdS/QCD" or more generally "holographic 
QCD", has been developed and intensively studied. Actually it is originated from an 
old idea due to 't Hooft [I]: The large N limit of a gauge theory should be dual to some 
string (or gravity) theory. This idea has been explicitly realized by the AdS/CFT cor- 
respondence [21 El H]. The gauge theory side is the M = 4 supersymmetric Yang- Mills, 
while the other side is type IIB string theory in AdS$ x S 5 . Right after its discovery, 
people (mainly string theorists) began to construct the gravity dual of QCD-like theories 
by reducing the number of SUSY and breaking the conformal symmetry. Pioneer works 
in this direction include [5]- [9] and others. Based on some basic setups in [lOi [TT], the 
authors of [12] construct a semirealistic holographic dual of QCD. These are the so-called 
top-down approach, which begin from some brane configurations in string theory and try 
to use the field theory living on these branes to mimic QCD. Motivated by these works, 
[T3l E] develop a complementary bottom-up approach, which has the advantage that it 
is related directly to some important features of QCD and has much more flexibility to 
implement the phenomenological studies. In this model the background metric is chosen 
to be AdS$, the fields involved are two gauge fields and a bifundamental scalars, which are 
holographical duals of the chiral symmetry currents and quark condensates respectively. 
The conformal symmetry is broken by imposing an IR cutoff at the extra fifth direction, 
so it is called as hard-wall model. The low-lying meson spectrum can be reproduced quite 
well. To realize linear confinement the authors of [15] also introduce a soft-wall model. 
Many works have been done mainly in meson sectors, see e.g. [I6]-[24J. There are also 
interesting discussions about the relation between light-front dynamics and AdS/QCD, 
see references in [25] . 

Baryons can also be studied in the hard-wall model, either by a skyrmion-type soliton 
[26l[27], or by introducing two Dirac spinors in the bulk [28], see also [29l|30]. In this note, 
we will focus on the latter method. In this method, spin-1/2 nucleons are described as 
Kaluza-Klein modes of two 5d Dirac spinors. The chiral symmetry breaking is introduced 
through a Yukawa coupling between the 5d spinors and the scalar corresponding to the 
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quark condensate. By use of a IR cutoff zjr ~ 5 GeV, the mass of first three radial 
excitations of nucleon, i.e. iV(939), A/" (1440), A^(1535), can be reproduced well. However 
the theoretical values for higher nucleon states are much larger than the data. In this 
paper we show that by simply using a larger Zi&, all of the spin- 1/2 nucleon masses listed 
in PDG [31] can be fit quite well within 11%. The average error is only 4.66%. 

This paper is organized as follows: In section 2 we will review some basic facts about 
hard-wall model. In section 3 we will show our numerical results about the nucleon 
spectrum. Section 4 is devoted to the summary and some discussions. 

2 Mesons and Nucleons in hard- wall AdS/QCD 

In this section we will briefly review the hard- wall AdS/QCD model [121 [33], and the 
realization of spin-1/2 nucleons [28]. The model has a background geometry as 

ds 2 = Gmn dx M dx N = 4 (Vuvdx^dx" - dz 2 ) , < z < z m (2.1) 

z z 

This is a slice of AdS§ in the Poincare patch. Here the indices M = (fi, 5) and fi = 0, 1, 2, 3. 
The convention of Minkowski metric is diag(l,-l,-l,-l). In the limit m u = rrid = 0, the 
two flavor QCD Lagrangian has SU(2)l x SU(2)r chiral symmetries. The conserved 
currents are qLl^taQi and qn'y^taqR, where q = (u, d) and t a is the generator of SU (2) 
with a = 1, 2, 3. According to the general dictionary of gauge/gravity duality, there should 
be two corresponding 5d gauge fields, denoted by L a M and R a M) living in the bulk. The 
operator related to the chiral symmetry breaking is q%ft L -, where a, (3 are indices for the 
fundamental representation of SU(2). So there should be a scalar field X a/3 in the bulk 
which is bifundamental under SU{2)l x SU(2)r. The meson sector can be described by 
the action 

S M = J <?xVGTc{\DX\ 3 -m 2 x \X\*-±{Ft + F%)\ . (2.2) 

Here Fl,r is the field strength of Lm and Rm, and the covariant derivative of X is 
DmX = OmX — iLuX + iXRu- The parameters m 2 x = —3 and g 2 = 127r 2 /A r c = 4tt 2 are 
fixed by matching with QCD's results. Note that X is tachyonic, and it tends to get a 
nonzero VEV. The vector and axial vector gauge fields are defined as Vm = (L M +R M ) / v2 
and A M = (L M — R M )/y/2, which at the UV boundary z = couple with the vector and 
axial vector currents q^^taq and g7 /i 7 5 t a g respectively. The classical solution of X is 

X (z) = \m q z+ l -az\ (2.3) 
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where m q is the quark mass, and a is the chiral condensate. In the axial gauge L5 = R§ = 
0, the p mesons can be identified as Kaluza-Klein modes of V^(x, z), while the ai mesons 
are that of A^(x, z). By setting X(x, z) = (X + S(x, z)) e 2tn( - x ' z \ the scalar / mesons are 
KK modes of S(x, z). The meson spectra can be reproduced quite well in this way. 

The spin- 1/2 nucleons can also been realized in this model. This is done in [28] 
by introducing two 5d Dirac spinor fields ^1,2, which transform in the (|,0) and (0, |) 
representation of SU (2) L x SU (2) R . These are the holographical duals of left-handed and 
right-handed spin- 1/2 baryon operators. The bulk action for the nucleon sector is 

S N = J d 5 xVG Tr( C K + d) , 

£j = -g^ 1 X^ 2 - g^ 2 X^ 1 . (2.4) 

Here T M = efY A = z5%T A , and {T A ,T B } = 2r] AB with A = (a, 5). We can choose the 
representation as T A = (7°, — ry 5 ). The covariant derivatives for spinors are 

V M *i = d M *i + ~w$ i EAB*i-iL M *i, (2.5) 

= d M ^2 + ^w^E AB *2 - iRm^2 ■ (2.6) 

Here Y*ab = j\Fa, Fb\, and the nonzero components of the spin connection u A f is wjf = 
—u>^ a — - 6 ^. The mass can be related to the dimension of the baryon operator which 
may have nonzero quantum corrections, so we treat m 5 as a free parameter. Note that 
the 5d spinor does not have chirality, and the 4d chirality is encoded in the sign of the 
5d mass term. For (positive mass) only the right-handed components survive near 
the UV boundary z — 0, which correctly couples with the left-handed baryon operator; 
and vice versa for ^>2- The Yukawa coupling between ^'s and X is required by the 
chiral symmetry breaking in the nucleon sector. It will lift the zero modes and breaks 
the spectrum degeneracy of and ^2 m to a parity doublet pattern. The masses of 
first three spin- 1/2 nucleons, i.e. iV(939), iV(1440) and iV(1535), can be reproduced well 
in this model. However when considering higher states, the theoretical values are quite 
beyond the experimental data. Actually it is not difficult to see why this happens. Since 
the IR cutoff gives a potential just like infinitely deep square-well, the eigenvalues m\ 
grow as n 2 , while the nucleon masses grow linearly with n. 

Our observation is that the Yukawa coupling term will give a potential proportional 
to z A . If we take a relatively large IR cutoff such that the intersecting point of the z A - 
potential curve and the IR wall is higher than 4.41GeV 2 , i.e. the mass square of iV(2100), 
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the low-lying nucleon spectra will be determined mainly due to the effect of the quartic 
potentials. Then the growth of the mass spectra is slowed down. In the next section we 
will show that all of seven spin- 1/2 nucleon masses listed in PDG can be reproduced quite 
precisely with errors smaller than 11%. 



3 Nucleon spectra 

Nucleons in this model are identified as Kaluza-Klein modes of the 5d Dirac spinors 

*i{x,z) = . , . , ; ®2(x,z) = . 3.1 

Here iV"( n ) are two-component Weyl spinors, and are complex scalar functions. The 
internal components f( n ' should satisfy [2H] 

'fit 

~ m (n) | f(n) | , (3-2) 




../: 



2R 



e (n) N 



../: 



(n) 
2L 



Here A = 2 ± and v(z) = gXa(z)/z. To get the correct chiral coupling between \I/'s 
and baryon operators at the UV boundary, we need to impose boundary conditions [28] 

A ( ?(o) = o, /&W) = 0; 

/S(0)=0, /£W) = 0. (3.4) 
We can eliminate f^) T from EOM (E2D and (E3D as 

v° -i 

V ~ v m U - y 

We can transform the above equation to a coupled Schrodinger form. Define {f[^, f^i ) = 
(z 2 X ( u!, z\%l) and Xl } = (Xil,X2l) T > then 

xi n),/ + K n) -\/(z))xi n) = 0, (3.6) 
4 





where the potential matrix V(z) is 
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The boundary condition for Xl can ^ e deduced from that of in (13.41) and the EOM 
(USD and (J3l| as 

xS = 0, ^xg + xg^O, atz->0; (3.8) 

XS = 0, ^xS-xg' = 0, at (3.9) 

In the chiral symmetric phase, i.e. t> = 0, (13. 6 p becomes two decoupled equations, and can 
be solved in terms of Bessel functions. Each eigenvalue has degree 2 of degeneracy. After 
turning on the chiral symmetry breaking, the off-diagonal elements will lead to spectrum 
split and this is consistent with the parity doublet pattern observed in the nucleon spectra. 
The eigenvalues can be numerically calculated. For example in (28], the authors chose 

m 5 = ^, 0=144, zjr = 4.878 GeV" 1 ~ (0.205 GeV)" 1 . (3.10) 

Then the model can reproduce the masses of first three spin- 1/2 nucleon states quite 
well: m(o) — 0.94GeV, mm = 1.44GeV, mp) = 1.50GeV. However for higher states 
the theoretical values are not good enough, e.g. 777.(3) — 2.08 GeV. The reason for the 
overestimation is not difficult to understand. The intersecting points of Vn, V22 with the 
IR wall z = Zjr = 4.878GeV _1 are low, about 2GeV 2 (see Figured]). So the effect of 
the IR wall to the eigenvalues is notable, which acts approximately as a infinitely deep 
square- well. The eigenvalues grow roughly as n 2 . However the experimental data 
show a Regge behavior, i.e. ~ n. 

Our observation is that the Yukawa coupling contributes a v 2 term in Vn and V22 
potentials (see (13. 7p ). where 

v(z) = gX (z)/z = 9 -{m q + az 2 ) . (3.11) 

Therefore Vn and V22 both behave like \g 2 a 2 z i when z is large. If we choose an IR cutoff 
such that the intersection between the potential curves with the IR wall is much larger than 
4.41GeV 2 , i.e. the mass square of iV(2100), the effects of the z 4 -growth potentials, instead 
of the hard IR wall, will dominate in the determination of the low-lying eigenvalues. This 
will slow down the growth of the mass spectra and give us a better fit to the experimental 
data. 
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Figure 1: The potentials Vu,V22 and eigenvalues (i.e. mass squares) of [28] in the unit of 
GeV 2 . The horizontal axis is for the z coordinate. The effect of the IR wall is notable, roughly 
an infinite square-well. 

In the following discussion we will take the chiral limit, i.e. m q = 0. From the analysis 
of the meson sector, two parameters zir and a are related as [Hj 

0-=^-^, with £ = 4. (3.12) 

We take zir as a free parameter. Although the mass of the 5d Dirac spinors is related to 
the dimension of the corresponding baryon operators, we also treat it as a free parameter 
since the baryon operator may have nonzero anomalous dimension. In total we have three 
free parameters (m 5 , g, zm). We use the shooting method to numerically solve (I3.6P with 
boundary condition (13. Sp and ( 13. 9p . and then determine the values of (m 5 , g, z IR ) by fitting 
m( n ) with the masses of seven spin-1/2 nucleons. The trick is firstly to fit the data under 
the constraint that the intersections between the potential curves with the IR wall are 
roughly 4 GeV 2 , and then using the result as the initial guess to do a real three-parameter 
fitting. The result is 

m 5 = 3, # = 32.8, z m = 7.663GeV _1 ~ (O.lSOSGeV)" 1 . (3.13) 

The resulting mass spectra are listed in Table [U It is remarkable that the errors are all 
smaller than 11% for seven nucleon states. The average error is 4.66%. In Figure|5] we 
plot the potentials Vu and V22, together with seven eigenvalues, i.e. mass squares. We see 
that, for low- lying eigenvalues, the effects of the z 4 -growth potentials are dominant, while 
the IR wall can hardly be felt by these nucleon states. Readers can see the difference 
clearly by comparing Figure [T] with Figure |5J 
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n 





1 


2 


3 


4 


5 


6 


^exp 


0.94 


1.44 


1.54 


1.65 


1.71 


2.09 


2.10 




0.98 


1.29 


1.40 


1.66 


1.70 


2.01 


2.02 


error 


4.3% 


10.4% 


9.1% 


0.6% 


0.6% 


3.8% 


3.8% 



Table 1: The experimental and theoretical values of the spin- 1/2 nucleon masses. The parame- 
ters are m 5 = 3, g = 32.8, z m = 7.663G6V- 1 ~ (O.lSOSGeV)" 1 , and a = -^f- = (0.126GeV) 3 . 

#5 Z IR 

The average error is remarkably 4.( 





\ v 22 















Figure 2: The potentials Vu, V22 and eigenvalues (i.e. mass squares) in the unit of GeV 2 . The 
horizontal axis is for the z coordinate. The parameters are 7715 = 3, g = 32.8, zir, = 7.663GeV _1 
and a = (0.126GeV) 3 . 
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4 Pion-Nucleon coupling 



In this section we use the parameters determined in the last section to calculate the pion- 
nucleon coupling. We will follow the method presented in [2E]- In the chiral limit, the 
Kaluza-Klein wave function /o for the pion field can be analytically obtained [30] 



f (z) = N z 3 



-2/3 



(550-^/3) 



-2/3(fl'50 r 2 3 / 3 ) - h/3{95<7Z 3 /3) 



(4.1) 



where i±2/3 are the 1st kind modified Bessel function. This is the unique solution of the 
boundary problem 



o, 



4^ 2 /o = 0, /o(0) = /o(*m) = 0. 



(4.2) 



The constant Nq is fixed by the normalization condition 



dz 



f 2 
Jo 



+ 



d z 



fo 



1. 



(4.3) 



The coupling between the pion and nucleons comes from the covariant derivative terms 
of the bulk fermions and the Yukawa coupling terms. The 4d coupling constant g^ N can 
be written [28J as an integration along the ^-direction as 

.2 



(n) 
9nNN 



2^2 



: ™ dz 



f I f(n) An) _ r(n> fV n ) \ 
JO [ J XL JlR J2L J2R 



(n) An) 



gz- 



2g 2 5 x 



An) An) 
J XL J 2R 



An) An) 
J2L JlR 



with the normalization condition 

" IR dz c(«)|2 , I An) 1 2 



f*|(i/!?i 2 + i/ 2 ( ?i 2 )=f R |(l/!s»l 2 + l/ ; 



(")|2 
2R I 



(4.4) 



(4.5) 



Note that for parity-even states we have = and = —fiR, while for parity-odd 
states we have = —f^R and = f{^. The coupling between pion and the n = 
state, i.e. the (p, n) doublet, is measured as g^ N — 13. By using the parameters listed 
in (I3.13p . the calculated value is 



(o) 

9nNN 



11. 



(4.6) 



5 Summary 

In this paper we reconsider the spin- 1/2 nucleon mass spectra in a hard- wall AdS/QCD 
model [28]. By introducing two Dirac spinors in the bulk, the nucleons can be identified 
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as their Kaluza-Klein modes along the extra fifth dimension. Chiral symmetry breaking 
is included through a Yukawa coupling term, which gives a potential growing as z 4 when 
z large. Our observation is that, if we choose a relatively large IR cutoff such that the 
intersection between the potential curves and the IR wall is high enough, the low-lying 
states will mainly feel the effect of the £ 4 -growth potential, while the IR wall is almost 
screened. This will slow down the growth of the mass spectra, and give us a better fitting 
to the experimental data. After taking the chiral limit m q = 0, we choose our three 
parameters as m 5 = 3, g = 32.8, zir = 7.663GeV~ 1 ~ (0.1305GeV) _1 . The resulting 
mass spectra fit the data quite well, see Table [TJ Remarkably, all errors are smaller 
than 11% for seven spin-1/2 nucleons listed in PDG, and the average is only 4.66%. We 
also calculate the pion-nucleon coupling constant. The result is g n NN — H, which also 
improves early results in the literature. 

By the results of this paper, it seems that extending this nucleon model to the soft- 
wall AdS/QCD is a very natural next step The quadratic growth dilaton field plays the 
role of a soft-wall in the meson sector. However in the nucleon sector the dilaton cannot 
do that job, since the action of Dirac spinors is first order. A proper choice of the bulk 
scalar VEV may offer a needed soft-wall through the Yukawa coupling. This is now under 
investigation |33j . 
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